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We inves t iga te  the onset  of secondary  convect ive flows in the Rayleigh p rob l em (in a ho r i -  
zontal  l aye r  of a v i scous  i ncompres s ib l e  liquid with f r ee  boundaries)  in the p r e s e n c e  of a 
p a r a m e t e r  that  v a r i e s  with t i m e  and has a pe r iod  T,  namely the t e m p e r a t u r e  gradient  or  the 
intensi ty  of the gravi ta t ional  field. 

The dependence of the c r i t i ca l  Rayleigh number  on the f requency of the p a r a m e t e r  modulation for  T -  
per iod ic  solutions was  inves t iga ted  in [1]. 

Solutions w e r e  cons ide red  with double the per iod  and with half  the f requency (the so-cal led  ha l f -  
in teger  solution). A cont inuous- f rac t ion  a lgor i thm [2, 3] was  used  to obtain the c r i t i ca l  Rayleigh numbers  
at dif ferent  va lues  of the modulation frequency.  It tu rned  out that ,  in an apprec iab le  f requency  range,  it is 
p r e c i s e l y  the solutions with pe r iod  2T which a re  respons ib le  for  the appearance  of instabil i ty,  since they 
cor respond  to s m a l l e r  c r i t i ca l  va lues  of the Rayleigh number  than the T - p e r i o d i c  solutions.  

It was  es tab l i shed  with the aid of the L y a p u n o v - S c h m i d t  method that  at Ray le igh -number  values  l a r g e r  
than c r i t i t i ca l  (or c lose  to it) t he r e  a r i s e s  one (accurate  to a shift in a hor izontal  direction) secondary  2T-  
per iod ic  flow, which is s table  against  pe r tu rba t ions  having the same  per iod ic i ty  and pa r i ty  as this flow. 

1. We cons ider  a flat  hor izonta l  l aye r  of an i ncompres s ib l e  v iscous  liquid in a gravi ta t ional  field that  
v a r i e s  pe r iod ica l ly  with t lme .  The  t e m p e r a t u r e  gradient  is constant,  the m a s s  fo rce  is ve r t i c a l  and v a r i e s  
in t ime  in accordance  with the law 

] = g (1 -t- ~1 sin Q~'), g, '~1 = const (1.1) 

The equations of nonsta t ionary  conxreetion.under these  eonditions admit  ! a solution cor responding  to 
re la t ive  equi l ibr ium of the liquid in a coordinate  s y s t e m  that  executes  ve r t i c a l  osci l la t ions  with a c c e l e r a -  
tion (1.1); the dis tr ibut ion of the t e m p e r a t u r e  is in this case  s ta t ionary  in t i m e  and is l inear  in z. 

The  d imens ion less  equations of sma l l  pe r tu rba t ions  of the equi l ibr ium in the indicated coordinate  
s y s t e m  a re  of the f o r m  

l ~o 
1/- } at A A ~ = R ( t  ~ - l l s i n0 ) t ) -gy - - -7 \~ .  a: ~,~': 0z ) 

v ##ah ~ Qh"- 
p==-~- ,  / ~ " : R a ~  vX ' c0 :  lZ---~- ~ 

H e r e  ~b is the s t r e a m  function, 0 is the t e m p e r a t u r e ,  p and Ra a re  the Prandt l  and Rayleigh numbers ,  
r e spec t ive ly ,  and w is the d imens ion less  modulation f requency.  

L lnear iz ing  the s y s t e m  of equations (1.2) in the v ic in i ty  of the equi l ibr ium solution, we obtain 
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. cO (1 .3)  t a5r hAr  = R (1 + ~] sin 0)t) -~x ]/~ Ot 
oo ~/- --  A0 = R -~- x 

We seek  the  so lu t lono f  t he  s y s t e m  (1.3) in the  f o r m  

= ~ (t) e~(~+=z), 0 = 0 (t) e~(~+~=) (1.4) 

As  a r e s u l t  we a r r i v e  at one equat ion* with r e s p e c t  to  0: 

0" q- k'qO'+ [k' -- -~- Ra ( i ~ *  + ~lsin (ot)] O = 0 .  (1.5) 

q = ( i  + 19) p-V,,  k S = a ~, q -  g~, O' = dO / d t  

the  solut ion of  which we  seek  in the f o r m  of a s e r i e s  

0 =  ~ c~exp(~no)t/2) (1.6) 

It is seen  f r o m  (1.5) tha t  the  coef f ic ien ts  c n sa t i s fy  an infinite 
s y s t e m  of l i nea r  a l g e b r a i c  equa t ions  

ancn 4.- cn-~ - -  cn+2 = 0 (n = O, -{- l ,  q- 2 . . . .  ) 

an = a~q Ra k~ r~%}~ 
�9 ( 1 . 7 )  

We seek  for  the  s y s t e m  (1.7) so lu t ions  such tha t  I C n l ~  0 as  I nl --* ~o. The  s y s t e m  (1.7) b r e a k s  up 
into two independent  s y s t e m s  of  equat ions  f o r  the  coef f ic ien t s  o n with even and odd n u m b e r s ,  r e spec t ive ly .  
T h e  s y s t e m  f o r  the  coef f i c ien t s  with odd n u m b e r s  c o r r e s p o n d s  to the  p r e v i o u s l y  c o n s i d e r e d  T - p e r i o d i c  
so lu t ions  [1]. 

We note tha t  in the  c a s e  of  sma l l  ampl i tudes  (~ -< 1) Eq. (1.5) has  only T - p e r i o d i c  solut ions  [5]. This  
s t a t emen t  is  the  ana log  of the  s o - c a l l e d  "p r inc ip le  of i n t e rchange  of s tabi l i ty"  fo r  s t a t i o n a r y  p r o b l e m s .  

The  F o u r i e r  coef f i c ien t s  f o r  the  2 T - p e r i o d i c  p r o p e r  solut ion (which is not T -pe r iod i c )  is obtained 
f r o m  the  s y s t e m  

g 2 n + l O 2 n + l " - ~ C 2 n - l ~ C 2 n + 3 ~ O  

With the  a id  of the  subs t i tu t ion  

we r e d u c e  the  s y s t e m  to  the  f o r m  

(n = O, ~ 'I_, ~___ 2 . . . .  ) (1.8) 

c,,~+1 = d,  (1.9) 

a 2 n + l  -~- Pn -1 = Pn+l, Pn = d,/d~_~ (1.1O) 

F r o m  this  we  de r ive  two r e p r e s e n t a t i o n s  fo r  Pn 

t t , p ~ =  a2,~-~+ 1 i ( 1 .11 )  P" + ~ + . . .  %,*-a + '" 
a2n+l a2~+ 3 a2n-5  �9 . , 

The  condit ion that  t h e s e  two e x p r e s s i o n s  fo r  On must  co inc ide  leads  to  a t r a n s c e n d e n t a l  equat ion f o r  
the  de t e rmina t ion  of Ra  

a - l -  ~ t t = 0 
a_ 3 _~ - -  1 a~ + 

a-5 + ~-7 §  §  
(1.12) 

The dependence  of the Ray le igh  n u m b e r  Ra on the  wave n u m b e r  a and on the modula t ion  f r equency  
was  ca l cu la t ed  with the  "ODRA-1204"  compute r .  

F igu re  1 shows the neu t ra l  cu rve  on t ie (Ra, a)  plane.  (The r e m a i n i n g  p a r a m e t e r s  have the  fol lowing 
va lues :  w = 5 ,  ~ =10, p = l . )  The ins tabi l i ty  zone l ies a b o v e t h e  neu t ra l  curve .  

*The  s a m e  equat ion is obta ined  in an inves t iga t ion  of  the convect ion  in a cons tan t  g rav i t a t iona l  field, if the 
t e m p e r a t u r e  g rad ien t  is V00 = a (1 + ~ sin cot) [4]. 
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The most  dangerous is the perturbat ion with the wave number a ,  corresponding to the minimum 
value of R a ,  on the neutral  curve. With increas ing frequency co, the cr i t ical  wave number ~ ,  also In- 
c reases .  

We note that unlike the case of T-pe r iod ic  solutions, the minimum value of R a ,  is reached at all 
values of co on the f i rs t  lobe. 

The cr i t ical  value of the Raylelgh number also increases  with increasing co. Figures  2a and 2b show 
the plots of R a ,  and a ,  against co at fixed values 7/ =10 and p = l .  

A compar ison of these plots with the corresponding resul ts  of [1] shows that in a considerable range 
of f requencies  the 2T-per iodic  solutions cor respond  to smal le r  Rayleigh numbers,  and the T-per iod ic  solu-  
tions occur  f i rs t  only at ve ry  small  or v e r y  large  frequencies,  

2. To investigate 2T-per iodic  flows that appear after the loss of stability with r e spec t  to equilibrium, 
we use the Lyapunov-  Schmidt method [6]. We assume that the cr i t ical  value of the Rayleigh number R a ,  
is simple. We note that the simplicity of R a ,  will subsequently be confirmed by the calculation. The 
uniqueness of the p roper  solution (1.6) follows here f rom the unique solvability of {1.7), and the absence of 
attached vec to rs  is proved by a numerical  verif icat ion of the condition of Lemma 1.5 of [3]. 

We wri te  down the sys tem (1.2) in the fo rm of an opera tor  equation in the space of pai rs  of functions 
w = ( r 0) that are  per iodic  in t ime with a per iod 2T 

A w  = R B  (t)w ~ L (w, w) 

A w  V p  at AA 0 0 (I) .~ 

o A o / \ o /  

L(w~,w~)=  7 \ ~  o~ o~ o~ 
O~l'~ 002 O~ O0~ , CI) ~ 1 @ ~l sin o)t 
3z Ox Ox Oz 

(2.1) 

We use gp =(~0, 00) to denote the solution of the l inear ized problem (1.3) 

A w  = R B  (t)w (2.2) 

corresponding to the cr i t ical  value of the pa r ame te r  R ,  =Ra ,1/2, 

Using the usual Lyapunov-Schmid t  scheme,  we can deduce that if the constant y is rea l  and differs 
f rom zero,  then there  exists one nontrivial solution of the problem (1.3) (accurate to within a shift along 
x [7])  

w =  7s~0 ~- 7~82wl -~- 0 (a3), e = V B - B,  (2.3) 

The constant 7 is determined f rom the formula 

sT 

S (Lo(+, dt] -1 (2.4) 
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H e r e  w 1 is the solut ion of the inhomogeneous  p r o b l e m  

A w  - -  R , B  (t) w = L (qJ, q~) 

w,  is the e lgenve c t o r  of the conjugate  equat ion 
2T 

A w  - -  f l , B *  (t) w = O, R *  I ( B ( p , w , ) E d t = !  
0 

The  o p e r a t o r  L ~ and the s c a l a r  p roduc t  In (2.4) a r e  defined as fol lows:  

L~ (//'1, u2) ~ L (ul, u2) -~ L (u2, ul) 
(~,  u2h,: = ((r  0~), (%, 02))~ = ( , .  %)L, + (0.  0~)L, 

(2 .5 )  

(2.6) 

(2.7) 

Inves t iga t ing  the  va r i a t i ona l  equat ion 

A u  - -  R , B u  - -  eTL ~ (T, u) -~ e2?ZL ~ (wl, u) + . . . . .  Cu (2.8) 

we can show, jus t  as  in [8], tha t  the  solut ion (2.3) is s tab le  o r  unstable ,  depending on whe the r  the  e lgen-  
va lue  ~ of Eq. (2.8), r e su l t i ng  f r o m  ~ =0, is in the  left o r  in the r ight  hal f -p lane .  

It is e a s y  to  deduce that  

'2T 

~. = ~ (R --  B,)  s ~ Jr 0 (sa), ~ = JR.  i (% w,)E d t ] - '  (2.9) 
0 

(2.12) 

is obta ined f r o m  the  equat ions  

Thus ,  the  flow (2.3) is s tab le  in the  l i nea r  app rox ima t ion  ff ~ ( R - R , )  > 0, and is uns table  in the 
opposi te  case .  F r o m  the  r e s u l t s  of [9] it fol lows that  a nonl inear  s tabi l i ty  a lso  t akes  p lace  (in a c l a s s  of 
p e r t u r b a t i o n s  having the  s a m e  pe r iod ic i ty  in x). 

The  constant  7 was  ca lcu la ted  in the fol lowing manner .  We sought the  solut ion of the s y s t e m  (1.3) in 
the  f o r m  

~P = ~Po (t) sin ax sin nz, 0 : 0 o (t) cos a x  sin nz (2.10) 

The  ampl i tude  00(t) was  obtained f r o m  Eq. (1.5) with the aid of the  s e r i e s  (1.6). The  coef f ic ien ts  
C2n + l ( n = 0 ,  • 1, •  ...) w e r e  d e t e r m i n e d  f r o m  the  f o r m u l a s  

c 1 = t ,  c2,~+1=plp2...P,~ (n>0), c-2~-1=~,~+1 

(the b a r  denotes  c om p l e x  conjugation).  

The  ampl i tude  00(t) is now d e t e r m i n e d  f r o m  the  second  equat ion of the  s y s t e m  (1.3). The  solut ions 
of the conjugate  s y s t e m  a r e  obta ined  ana logous ly .  

The  lnhomogeneous  s y s t e m  (2.5)is in th i s  ca se  

1 0 Ate1 _ AA~Pr = R ,  (t ~- ~l sin o)t) 001 (2.11) 
V~ 0t ox 

V p  ~ t  ~ - A01 = R,  or 2 *o (t) Oo (t) sin 2az 

We seek  the  solut ion of the  s y s t e m  (2.11) in the f o r m  

wl = q)l (t) sin 2gz 

The  v e c t o r  funct ion ~vl(t) =(e l ( t ) ,  01(t))which is pe r iod i c  with pe r iod  2T 

1 , :~u ( 2 . 1 3 )  . 1  + 4 ~ , 1  - 0, ~ o1' + 4 ~ o l  = - ~ -  %00 

In th is  case  r 0, and 01 is eas i ly  d e t e r m i n e d  f r o m  the known r and 00(t). 

The  ca lcu la t ions  have shown that  ~ > 0 and T 2 > 0 fo r  all va lues  of w. 

Thus ,  at sma l l  R a - R a ,  > 0 t h e r e  ex is t s  one s table  s e c o n d a r y  flow (apart  f r o m  a shift  with r e s p e c t  to  
x), which ts 2 T - p e r i o d i c  in t ime .  
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We note that,  in the case  of T - p e r i o d i c  solutions,  unstable  subcr i t l ca l  r e g i m e s  s e t - i n  in awide  range  of 
f requencies  ~0. Calculat ions have shown (see Fig. 2a) that  in this  f requency range  the 2T-pe r iod ic  r e g i m e s  
co r r e spond  to s m a l l e r  c r i t i ca l  va lues  of the Rayleigh number ,  and on going through these  r e g i m e s  the re  
a r i s e  s table  2T-pe r iod ic  secondary  flows. 
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